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Abstract: A tubular ultrafiltration model which couples 

concentration polarization and membrane fouling was developed. 

The model is based on the general convective-diffusion equationin 

addition to the usual membrane hydraulic resistance. Fouling due to 

polarization concentration phenomenon during the ultrafiltration of a 

solid particle of the Bentonite was investigated. The governing 

equations were solved by using the finite element method to simulate 

both the wall concentration and the permeate flux. The simulations 

were performed at different transmembrane pressures (0.8, 1.5 and 

2.5 bar), feed concentration of 1 mol/m3 and axial velocity at the inlet 

section of 0.59 m/s. The results obtained by simulation show that the 

concentration of Bentonite solid particles on the membrane surface 

increases rapidly with increasing time, and after a whilethis 

concentration becomes constant. Also, it decreases with increase in 

transmembrane pressure (TMP). On the other hand, the permeate 

flux decreases with increasing time to the stationary state and the 

increase of TMP causes an increase in the permeate flux. 
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I. Introduction  

 

The membrane filtration processes are increasingly 

used in industrial processessuch as water and waste 

water treatments, pharmaceutical industry [1], but 

also in food industry [2, 3], biology [4, 5], oil 

filtration [6, 7, 8] and fruit juice industry [9, 10, 

11]. In a membrane separation system, the feed 

stream passes through the membrane under driving 

force effect. Secondly, the filtration process can be 

operated in two different modes of relatively 

filtration: dead-end filtration allows all of the feed 

solution to pass straight through, resulting in a layer 

of build-up on the membrane surface, while cross-

flow filtration creates a pressure gradient as fluid 

flows tangentially across the membrane surface 

[12]. The latter prevents solute build-up and 

reduces the overall amount of fouling depending on 

the composition of the solution and degree of 

separation needed, microfiltration (MF) and 

ultrafiltation (UF) can also be used as pre-treatment 

options. In the UF process, fouling of the inner 

surface of the membrane is due to the deposition of 

large particles, which cannot penetrate it because 

their diameters are greater than the diameter of the 

membrane [13]. 

The development of membrane filtration models is 

based on the concentration polarization (CP) model, 

which also is extensively presented in literature [14, 

15, 16]. Concentration polarizationcauses 

deposition of retained compounds on the membrane 

surface. Models according to the cake-filtration 

theory assume a constant concentration in the layer 

near the membrane, which sometimes depends on 

the applied pressure and which increases in 

thickness with increasing permeate volume.  

Among the models used to describe the CP 

phenomenon are: the model of series resistance 

[17], the osmotic pressure model and the gel layer 

model [18, 19]. 

In UF processes, many models empirical [20], 

semi-empirical [21] and phenomenological [22, 23] 

based on masse transport and fouling [24, 25] 

phenomenaare provided to study the decline of the 

permeate flux. The permeate flow is affected by the 

different operating parameters such as 
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transmembrane pressure (TMP), feed velocity and 

flow concentration [26, 27, 28]. Damak et al. [29] 

used the finite difference method (FDM) for 

numerical resolution of a two-dimensional 

convection-diffusion equation with a constant 

molecular diffusion coefficient to predict the 

decrease of the permeate flux in MF. Fouling may 

be due mainly to the gel formation on the 

membrane surface during the filtration processes 

[30]. 

The numerical factors affecting permeate flow in 

this area are the feeding characteristics, operating 

conditions and membrane properties [31]. The 

accumulation of solute on the membrane surface 

causes the appearance of another resistance to the 

membrane, a CP phenomenon, which is the main 

reason for the reduction in solvent transport, the 

decrease in permeate flow, decrease in membrane 

life which modifies separation characteristics 

[32,33]. 

To understand the mechanisms of mass transfer 

during the tangential UF process, it is necessary to 

carry out a study on the transport phenomena. 

Therefore, to predict the solute distribution on the 

tubular membrane surface, it is necessary to solve 

the convection-diffusion equation axisymmetric 

[29]. On the other hand, the Navier-Stokes equation 

is used to model the feed flux that flows 

tangentially to the membrane porous surface [34]. 

Finally, boundary conditions on the porous surface 

are often written according to the Darcy equation 

that links the pressure gradient to the flow rate [35]. 

The aim of this work is to study the fouling due to 

the development of the CP layer along the 

membrane surface. The simulations were carried 

out at different TMP (0.8, 1.5 and 2.5 bar), below 

the constant values of the axial velocity at the inlet 

section and the feed concentration (C0). 

A numerical study was carried out to study the 

transverse flow UF of solid Bentonite particles in 

laminar conditions. In this case, we propose a 

numerical model to solve the general two-

dimensional convection-diffusion equation in the 

Cartesian coordinates coupling on the resistance in 

series model. In addition to knowing the various 

experimental conditions that affect the flow rate and 

concentration, the concentration profiles above the 

surface of the tubular membrane. Governing 

equations were solved using the finite element 

method (FEM) from COMSOL Multiphysics. 

 

II. Cross-flow ultrafiltration model in tubular 

membrane 

II.1. Module geometry 

In the UF cross-flow process, the CP phenomenon 

can be described by the convection-diffusion 

equation coupled to the serial resistance model. In 

this work, we studied the phenomena of mass 

transfer of a solute through a semi-permeable 

tubular membrane with radius R and length L 

(Figure 1) in a cross-flow UF process. 

 

 

Figure 1. Schematic for a tubular membrane 

 

Figure 1 represents the geometric domain used in 

the simulations, we admit that this membrane is 

initially immaculate, perfectly impermeable, 

considered as axisymmetrical (we consider half of 

the same branch). It is assumed that the flux is 

characterized by a uniform concentration inside the 

tube and that the liquid has a constant viscosity. 

The solute has a constant diffusion coefficient 

brought to the membrane surface by convection-

diffusion phenomena [36, 37]. A CP developed on 

the membrane surface will create additional 

resistance to the membrane resistance. 

Under the effect of a pressure gradient, the fluid 

flows tangentially towards the wall of the 

membrane considered axisymmetrical (only half of 

the membrane is treated). The solute is brought to 

the membrane surface by convection and part of the 

solvent is removed from the fluid. Thus, a CP is 

developed on the membrane surface. The formation 

of the CP layer creates additional resistance to 

membrane resistance. This layer is scrutinized as a 

clogging mechanism. 

Table 1 shows the characteristics of the membrane 

and solute used in the numerical simulation. 
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Table1. Characteristics of the membrane and solute particles [36, 37]. 

 

 

 

II.2. Governing equations 

An iterative technique was mandatory for the 

solution. A computer code was written into the 

Comsol 3.5 software for the model described 

above. The steps followed by the iterative solution 

are described in Figure 2. 

 

 
 

Figure 2. The model developed in this study 

 

The tangential flow of solid particles of Bentonite 

in steady state is modeled by the use of the 

continuity equation and the two-dimensional 

convection-diffusion equation. Using previous data, 

the following equations can be written: 

 

Continuity equation 

For incompressible fluid characterized by a 

constant density, the continuity equation is in the 

following form [38]: 
 

∇𝑈 = 0                                                                           (1)  

 

Where U is the solute velocity. 

For an irrotational flow in two dimensional: 

 
𝜕𝑈𝑥

𝜕𝑥
−

𝜕𝑈𝑦

𝜕𝑦
=0                                                         (2) 

 

Where 𝑈𝑥 , 𝑈𝑦the velocity profiles according to the 

x axis and the y axis respectively.  

So, equation 1 can be rewritten as: 

 
𝜕𝑈𝑥

𝜕𝑥
+

𝜕𝑈𝑦

𝜕𝑦
= 0                                                               (3) 

 

 

The basic transport equation under the condition of 

constant density and diffusivity [39]; can be written 

in tow dimensional in Cartesian coordinates as 

follows [40]: 

 

𝜌
𝜕∁

𝜕𝑡
+ ∇(𝜌𝑈𝐶) = ∇(ρ𝐷∇𝐶)                                      (4) 

 

𝜌
𝜕𝐶

𝜕𝑡
+ 𝜌 [𝐶(

𝜕𝑈𝑥

𝜕𝑥
+

𝜕𝑈𝑦

𝜕𝑦
)+𝑈𝑥

𝜕𝐶

𝜕𝑥
+ 𝑈𝑦

𝜕𝐶

𝜕𝑦
] =

𝜕

𝜕𝑥
(𝜌𝐷 (

𝜕𝐶

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜌𝐷 (

𝜕𝐶

𝜕𝑦
))                                  (5) 

 

𝜌 and D are constants; we replace equation 3 in 

equation 5, we get: 

 
𝜕∁

𝜕𝑡
+ 𝑈𝑥

𝜕∁

𝜕𝑥
+ 𝑈𝑦

𝜕∁

𝜕𝑦
= 𝐷 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
)                       (6) 

 

Where C is the solute concentration, D is the solute 

diffusivity, 𝜌 is solute density and t is time. 

The velocity distribution along the x axis inside a 

tubular membrane of diameter d in a laminar 

regime is given by the following [38]. 

 
𝑈𝑥

𝑈0
= 2(1 − (

2𝑦

𝑑
)
2

) , (Re <  2100)                        (7) 

 

Where 𝑈0 is the inlet average axial velocity, d is 

membrane diameter and Re is the Reynolds 

number. 

De et al. [41] proposed that the velocity along the y 

axis is equal to the permeation velocity; because the 

lower thickness of the CP layer. 

The y component of velocity is written as: 

 

𝑈𝑦 = 𝑈𝑝(𝑥)                                                                   (8) 

 

Where UP is the permeate flux. 

In the membrane module, the concentration profiles 

can be obtained by solving the steady-state 

convection-diffusion equation with the following 

boundary conditions: 

 Initial conditions 

 

Att=0: C = C0,𝑈𝑥=0,   𝑈𝑦 = 0                                 (9) 

 

 Boundary conditions 

The boundary conditions applied to the membrane 

surface are [42]: 

Membrane ultrafiltration

in the tubular module

Mathematical mode

Solve the continuity equation, the two-

dimensional convection-diffusion

equation and the resistance in series

model.

Values input:

Resistance of membrane, Rm

Diffusion coefficient , D

Feed concentration, C0

Inlet average axial velocity, U0 

Average solute particle diameter, ds

Specific resistance of CP layer, rcp

Porosity.

Model validation

Yes

No

Estimate:

Permeate flux of a solid particle of Bentonite;

Concentration of a solid particle of Bentonite;

Permeate flux of a solid particle of Bentonite at the membrane

surface;

Concentration profile of a solid particle of Bentonite at the

membrane surface.

Membrane Characteristic                                         Solute Particle Characteristic 

Hydraulic resistance Rm=1.25.106 bar / m.s            Constant   diffusion coefficient D=6.3.10-13 m2/s 

Internal diameter d=0.0125 m                                 Particle radius a=350.10 -9 m 

Length L= 1.2 m 
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For x = 0:{
𝑈𝑥 = 2𝑈0 (1 − (

2𝑦

𝑑
)
2

)

𝑈𝑦 = 𝑈𝑃 = 0

∁= 𝐶0, ∀𝑡

                       (10) 

 

Forx = L:{
𝑈𝑥(𝐿, 𝑦) = 𝑐𝑡𝑒 ⟹

𝜕𝑈𝑥(𝐿,𝑦)

𝜕𝑥
= 0

𝜕𝑈𝑦(𝐿,𝑦)

𝜕𝑦
= 0,

𝜕∁(𝐿,𝑦,𝑡)

𝜕𝑡
= 0,∀𝑡

         (11)        

                                                           

Fory = 0: 

{
 
 

 
 𝑈𝑦(𝑥, 0) = 0;

𝜕𝑈𝑥(𝑥,0)

𝜕𝑥
= 0;

𝜕∁(𝑥,0,𝑡)

𝜕𝑦
= 0

                                        (12)       

                                                                                                    

For y = R: {

𝑈𝑥(𝑥, 𝑅) = 0,

𝑈𝑦(𝑥, 𝑅) = 𝑈𝑃(𝑥)

𝑈𝑃  (𝑥)∁(𝑥, 𝑅, 𝑡) = 𝐷 (
𝜕∁(𝑥,𝑅,𝑡)

𝜕𝑦
)

       (13) 

 

The dimensionless convection-diffusion equation of 

the solute in the boundary layer near the membrane 

surface is expressed as: 

 
𝜕∁∗

𝜕𝑡∗
+ 𝑈𝑥

∗ (
𝜕∁∗

𝜕𝑥∗
) + 𝑈𝑦

∗ (
𝜕∁∗

𝜕𝑦∗
) =

1

𝑃𝑒
(
𝜕2∁∗

𝜕𝑥∗2
+

𝜕2∁∗

𝜕𝑦∗2
)     (14) 

 

Where 

 

𝑈𝑃
∗ =

𝑈𝑃
𝑈0
⁄ ,∁∗= ∁

∁0
⁄ ,𝑥∗ = 𝑥 𝐿⁄ ,𝑦∗ =

𝑦
𝑑⁄  ,    

𝑡∗ =
𝑡𝐷

𝛿𝐶𝑝
2  ,   𝑃𝑒 =

𝑈0𝛿𝐶𝑃

𝐷
                                              (15) 

 

The boundary condition becomes: 

 

At y=𝑑 2⁄  or y*=0.5:𝑃𝑒𝑈𝑃
∗∁∗=

𝜕∁∗

𝜕𝑦∗
                         (16) 

 

Darcy's law 

In the filtration process, the small solute particles 

are rejected by the membrane, they create a 

difference in the osmotic pressure at the membrane 

surface which decreases the driving pressure, and 

the local permeate flux UP(x) is described as a 

function of TMP by the resistance in series model 

[43, 44]: 

 

𝑈𝑃(𝑥) =
(∆𝑃−∆𝜋)

𝜇(𝑅𝑚+𝑅𝑇)
                                                     (17) 

 

Where ΔP is the applied pressure, Δπ is the osmotic 

pressure, 𝜇 is the viscosity, RT is the resistance due 

to fouling and Rm is the membrane hydraulic 

resistance is equal to: 

 

𝑅𝑚 =
∆𝑃

𝜇𝐽0
                                                                      (18) 

 

Where 𝐽0 is the pure water permeate flux. 

The resistance due to fouling is equal to: 

RT = RC+ RCP                                                                                    (19)  

  
Where RC is the resistance of the irreversible 

fouling, i.e. the cake layer, and RCP is the resistance 

of the reversible fouling (fouling due by the CP 

layer).  

In this study, it is assumed that the resistance due to 

the irreversible fouling (RC) and the osmotic 

pressure difference are neglected. Thus fouling is 

caused only by the formation of the CP layer.  

So, eqution 18 becomes: 

 

𝑈𝑃 =
∆𝑃

𝜇(𝑅𝑚+𝑅𝐶𝑃)
                                                          (20) 

 

Where 𝑅𝐶𝑃 is the resistance of the CP layer. 

The resistance due to the CP layer as a function of 

thickness is given by the Carmen-Kozeny equation 

[45, 46]: 

 

𝑅𝐶𝑃 = ∫ 𝑟𝐶𝑃𝑑𝑥
𝛿𝐶𝑃
0

                                                      (21) 

 

Where 𝑟𝐶𝑃 , 𝛿𝐶𝑃 are respectively the specific 

resistance and the thickness of the CP layer.  

We integrate equation 21, we get: 

 

𝑅𝐶𝑃 = 𝑟𝐶𝑃𝛿𝐶𝑃                                                             (22) 

 

To determine the specific resistance of the 

polarization layer, we used the Kozeny-Catman 

equation [30, 31]: 

 

𝑟𝐶𝑃 = 180 (
(1− 𝐶𝑃)

2

𝑑𝑠
2
𝐶𝑃
3 )                                                (23) 

 

Where 𝑑𝑠  is the diameter of the solute particle and 

휀𝐶𝑃 the porosity of the CP layer. 

Finally, equation 24 can be rewritten as follows: 

 

𝑅𝐶𝑃 = 180 (
(1− 𝐶𝑃)

2

𝑑𝑠
2
𝐶𝑃
3 ) 𝛿𝐶𝑃                                        (24) 

 

II.3. Numerical simulations 
However, a numerical solution can be applied for 

the flow and transport equations (1-8), subject to 

the boundary conditions (10-13) by applying the 

finite element software (Comsol Multiphysics, 

version 3.5). 

This software applies the FEM to solve problems 

characterized by a well-defined geometry and 

automatically uses the triangular mesh in two-

dimensional, and three-dimensional tetrahedral that 

can be refined once to several times if necessary. 

A uniform mesh near the membrane porous wall is 

used to obtain a numerical solution. The resolution 

of above equations, using FEM, allows us to 

analyze the permeate flux and concentration profile 

near the membrane surface, because the CP occurs 

in the vicinity of the membrane [47]. 
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III. Results and discussion 
Figure 3 shows the variation of the permeate flux as 

a function of time during the cross-flow UF of a 

solid particle of Bentonite at different TMPs and a 

constant feed concentration C0=1 mol/m3 is used 

through a tubular membrane. The feed flux at the 

inlet of the tubular module was continuous and 

stationary; all the variables of the process reached a 

stable value with time. 

 
Figure 3.Variation of the permeate flux as a 

function of time during the cross-flow UF of a solid 

particle of Bentonite at different TMP 
 

The permeate flux decreases with the operating 

time until a constant value is reached. This decrease 

is the result of the increase in membrane resistance 

due to the formation of additional resistance [48, 

49]. This result has detrimental effects on the 

selectivity of the membrane and the performance of 

the module. 

The increase in turbulence close to the membrane 

surface causes a decrease of the polarization layer 

thickness i. e., disturb the accumulation of matter 

on the membrane surface. So, the boundary layer is 

reduced [50, 51]. 

 

III.1. Effect of TMP on the permeate flux and 

the concentration of the solute 

Figure 3 shows the effect of TMP on the permeate 

flux profile of Bentonite solid particle through 

membrane which is obtained numerically. As 

shown in Figure 3, the initial flux is ranged from 

8.14*10-4 m3 /m2 .s at TMP= 0.8 bar to 1.116*10-3 

m3 /m2 .s at TMP = 2.5. Therefore, a clean 

membrane is characterized by a constant resistance 

(lack of fouling). When time is equal to 5 seconds, 

the permeate flux varies from 8.215 * 10-4 m3 / m2 

.s at TMP = 0.8 bar to 1.125 * 10-3 m3 / m2 .s at 

TMP= 2.5 bar. 

According to these results, a proportional 

relationship is observed between the TMP and the 

permeate flux. Table 2 indicates the permeate flux 

near the membrane surface at different values of 

TMP. 

The permeate flux near the membrane surface at 

different values of time and at different values of 

TMP is shown in Figure 4. 

 

 

 

Figure 4. The permeate flux near the membrane 

surface during the cross-flow UF of a solid particle 

of Bentonite at different times 
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Table 2. Permeate fluxfor cross-flow UF of a solid particle of Bentonite at different TMP

 

 

From Figure 4, it can be observed that, on the one 

hand, the permeate flux decreases with increasing 

operating time until a constant value is reached. On 

the other hand, the flux increases with the increase 

of the TMP (from 0.8 to 2.5bar). 

The increase in TMP causes a decrease in the 

concentration of the solute deposited on the 

membrane surface and subsequently an increase in 

the permeate flux [12, 48]. So, the fouling due to 

the formation of a boundary layer is affected by the 

driving force (TMP) [52]. These results are in good 

agreement with that obtained by [53, 27, 54]. 

The numerical simulation is used to describe the 

evolution of the concentration profile at the 

membrane surface as function of time, under 

different TMP values ( 0.8, 1.5 and 2.5 bar) at a 

constant feed concentration C0 = 1 mol/ m3 as 

shown in Figure 5. 

Figure 5. Evolution of the concentration at the 

membrane surface as function of time under 

different TMP values 

 

The concentration at the surface increases rapidly 

with increasing time to reach a constant value for 

each TMP value (0.8, 1.5 and 2.5 bars). The CP 

layer increases along the membrane surface. This 

increase causes an accumulation of the material and 

consequently, the appearance of a new resistance 

which is added to the membrane hydraulic 

resistance [55]. 

 

III.2. Effect of TMP on the CP layer 

Figure 6 shows the concentration profile of a solid 

particle of Bentonite along the membrane surface at  

 

different values of time and at different values of 

TMP. 

 

 

. 

 

 

 

 

 

 

 

 

 

Figure 6. The concentration profile along the 

membrane surface during the cross-flow UF of a 

solid particle of Bentonite at different times 

(a)

(b)
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After a filtration time of 5 seconds, the 

concentration profile obtained by simulation along 

the membrane surface at TMP = 0.8, 1.5 and 2.5bar 

is shown in Figure 7. 

 

 
 

 

 
 

Figure 7. Evolution of the concentration profile 

along the membrane surface at the value of the time 

t=5s of a solid particle of Bentonite (a) TMP=0.8 

bar, (b) TMP=1.5 bar and (c) TMP=2.5 bar 

 

Results presented in Figure 7 show the holographic 

interferometry that allows the appearance and 

evolution of the CP layer during cross-flow UF to 

be followed in time, thus indicating that the 

concentration of solute at the membrane surface 

was increasing. 

The concentration profiles and interferograms in 

Figures 6 and 7 clearly show the influence of the 

TMP on the CP layer. At higher pressure, the CP 

layer is reduced because the shearing effect 

becomes greater along the membrane surface, 

which decreases the polarization layer [56].  

Consequently, the contribution of solute towards 

the membrane increases the polarization layer and 

at the same time, the permeate flux is limited 

because of the build-up of the CP. So, permeate 

flux and CP is completely dependent parameters. 

The applied pressure also had an important effect 

on the polarization layer and the permeate flux. The 

concentration of solute decreases with increasing 

pressure. 

 

IV. Conclusion 

 

On the basis of the  results of  our numerical study 

based on the MEF, which describes CP layer effects 

of dispersions of Bentonite solid particles in crows-

flow UF using a tubular membrane,  it can be 

conclude that  both TMP and feed concentration 

influence fouling of the membrane. 

It was also shown that; permeate flow decreases 

over time until steady state. On the other hand, 

there was an increase in the concentration on the 

membrane surface over time due to the formation of 

a boundary layer on the surface. Separation of the 

boundary layer has the effect of limiting and 

reducing the selectivity of the membrane. 

To increase the performance of the membrane and 

improve the permeate flow, it is necessary to 

increase the TMP and decrease the feed 

concentration that end in a thin CP layer. As a 

result, CP contamination is limited and membrane 

porosity increases. 
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Abbreviation  

Alphabetic symbols 

a Particle radius, m  

C Solute concentration, mol/m3 

C0 Feed concentration, mol/m3 

C* Dimensionless concentration  

D Diffusion coefficient, m2/s 

d Diameter a tubular membrane, m 

ds Diameter of the solute particle, m 

J0 Flux with pure water, m3/m2 s 

L Length of tubular membrane, m 

ΔP Transmembrane pressure, bar 

R Radius of the tubular membrane, m 

Re Reynolds Number 

RT Resistance due to fouling, m-1 

Rm Resistance of membrane, m-1 

RC Resistance of the irreversible fouling, m-1 

RCP Resistance of concentration polarization                          

layer, m-1 

rCP Specific resistance of the concentration        

polarization layer, m-2 

t Time, s 

𝑡∗ Dimensionless time 

𝑃𝑒 Peclet Number 

U           Solute velocity 

Ux Axial velocity, m/s 

Uy Velocity component in normal direction, 

m/s 

U0 Inlet average axial velocity, m/s 

Up Local permeation flux, m3/m2 s 

Uin Inlet local permeation flux, m3/m2 s 

UP* Dimensionless permeation flux 

x Axial distance, m 

x* Dimensionless axial distance 

y Normal distance, m 

y* Dimensionless normal distance 

Abbreviations 
TMP Transmembrane Pressure 

UF Ultrafiltration 

MF Microfiltration 

CP Concentration Polarization 

RO            Reverse Osmosis 

FDM Finite Difference Method 

FEM  Finite Element Method  

Greek letters 
µ Dynamic viscosity, Pa s 

𝛿𝐶𝑃 Concentration boundary layer thickness, 

m 

Δπ Osmotic pressure difference across the 

membrane, Pa 

𝜌               Density, kg/m3 

휀𝐶𝑃 Porosity of the concentration polarization 

layer. 

Superscript 

* Dimensionless 

 

 

 

 

 

 
 

Please cite this Article as:  
Lazghad F., Beicha A., Numerical modeling of cross-flow ultrafiltration of Bentonite in tubular 
membrane, Algerian J. Env. Sc. Technology, 8:4 (2022) 2860-2868 

 


